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ABSTRACT 
In this paper a new type of  modeling of  physical phenomena is developed for systems of  par- 
ticles of  differing masses. Initial value problems must be solved by means of  modern, high speed 
digital computat ion.  Of  basic importance is a natural, self-reorganization property o f  any par- 
ticle system so modeled. Extensive computer examples are given. 
1. INTRODUCTION 
Recently, new particle-type, computer-oriented 
models have been developed for the study of natural 
phenomena related to nonlinear elasticity, heat trans- 
fer, shock wave development, and laminar and turbu- 
lent fluid flows ([ 1]-[ 6]). In each case, the mass of 
any one particle was the same as the mass of any 
other particle. 
In this paper we will begin the computer study of 
natural phenomena which result when particles of 
differing masses interact. We must emphasize, imme- 
diately, that this is only a beginning study, since natu- 
ral phenomena based on such interactions are of ex- 
ceptional complexity. To indicate the degree of com- 
plexity involved, consider, for example, living cell 
metabolism [7] and geophysical tectonics [8]. In both 
areas the basic mechanics are, typically, not under- 
stood at all. In modeling metabolism, biologists em- 
phasize an electron transfer mechanism, while phys- 
ical chemists deny any transfer of electrons and em- 
phasize the variation of potentials [9]. In the geo- 
physical area, depending on which experimental 
results are assumed initially, various accepted models 
imply, in contradiction, that the core of the earth is 
solid, or liquid, or iron, or silicate [8]. 
Now, typically, the modeling of the interaction of 
particles of differing masses has been implemented by 
the introduction of a non-homogeneous point con- 
tinuum whose dynamical behavior is governed by some 
gross physical law, like a conservation principle. In this 
way, the sophisticated methods of the calculus and of 
more advanced forms of mathematical analysis have 
been found to be useful, especially for linearized 
models. However, in replacing the original Finite 
particle set, no matter how large it may have been, by 
an infinite set of points, one sacrifices the rich physics 
that exists between atoms and molecules. In this paper, 
our aim is to maintain the underlying classical particle 
physics in our modeling and to preserve the highly non- 
linear effects. At present, his can only be done by con- 
sidering a particle to be an aggregate, or clump, of 
molecules; by restricting ourselves to relatively small 
sets of particles; and by using modern digital compu- 
ters to solve dynamical problems. Molecular aggregates 
are used commonly in modeling, as, for example, in 
the meteorologists' division of the atmosphere into 
large parcels of air, each of which is then treated as an 
atmospheric unit. Analogous ideas were suggested by 
Schlichting [10] for the study of vortices in viscous 
fluid flow. In addition, because of the relatively small 
numbers of particles to be considered, the classical 
molecular force parameters will have to be rescaled 
appropriately, in a spirit sirnilar to that recommended 
by yon Neumann [11]. 
2. BASIC DEFINITIONS AND FORMULAS 
For positive time step At, let t k = kAt, k = 0, 1, 2 ..... 
For i = 1, 2 ..... N, let particle Pi have mass m i and at 
time t k let Pi be located at r-i, k = (xi, k' Yi, k), have 
velocity "~i, k = (vi, k, x, vi, k, y), and have accelera- 
tion -~i, k = (ai, k x, ai, k, y)' Let position, velocity and 
acceleration be related by the "leap-frog" formulas 
([1], p. 107): 
-~ At 
gi, 1/2 = vi, 0 + --~'- ~i, 0 (2.1) 
, k = 1, 2 . . . .  (2.2) 
gi, k+1/2 =7i, k-1/2 + (At)a-*i, k 
7i, k+l  =7i, k + (At) v-+i, k+112' k= 0, 1,2 .... (2.3) 
If Fi, k is the force acting on Pi at time t k, where 
Fi, k = (Fi, k, x' Fi, k, y)' then we assume that force 
and acceleration arerelated by 
( * )  D .  Greenspan, University of  Wisconsin- Madison, Computer  Science Department,  1210 West 
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Fi, k = mi =2i, k" (2.4) 
an exact structure is given to Fi, k, the motion Once 
of each particle will be determined recursively and 
explicitly by (2.1)-(2.4) from prescribed initial data. 
The special structure to be used is described as fol- 
lows. 
At time tk, let'rij ' k be the distance between Pi and Pj. 
Let G (coefficient of attraction), H (coefficient of 
repulsion), 3 (exponent of attraction) and ~ (expo- 
nent of repulsion) be determined by Pi and Pj subject 
to the constraints G ~ 0, H ;* 0, ~ > 3 ~, 2 (see [9]). 
Then the force (Fi, k, x' F-i, k, y) exerted on Pi by Pj 
is given by 
= H mi mJ] xi, k - xj, k Fi, k. x [-G m i mj + 
rij ' k 3 rij ' k a rij, k 
(2.5) 
I, 
(-6,0) 
(0,6) 
~; s; ~ 5; 51 5; 5; 6; 
A A ;8 h ~ ;~ ;9 h ~7 
2~ A 2~ A ~. A fi 21 2~ 2"9 
9- 7 5 ~ 1 2 4 6" 8 '  
86 22 18 14 10 
d ,; ,; ,; i 
6¢ ~¢ 5~ 4g 
v~ 7; d 6~ 
ii 15 19 23 27 
6; 7; 7; 
C0,-6) 
(610) ,~. l 
Fi, k, y = 
-G m i mj H m i mj Yi, k - Yj, k 
rij ' k 3 rij ' k s J rij' k 
(2.6) 
The total force (Fi, k, x' Fi, k,y) on Pi due to all the 
other N-1 particles is given by 
N N 
Fi'k'x=j=E1 F i ' k 'x ;  Fi'k'Y j~l  Fi, k ,y"  
j¢ i  j÷i  (2.7) 
The formulation (2.1)-(2.7) is explicit and economical, 
though nonconservative. Conservation of energy and 
momenta can be achieved [1], but only through an 
implicit, less economical approach. 
Throughout, he time step will be At = 10 -4 and the 
FORTRAN program is that of Greenspan [3]. 
3. EXAMPLES 
Computer examples have been run on the UNIVAC 
1110 for the parameter choices N = 7, 11, 18, 19, 38, 
62, and 85, but since interest in relatively large sets is 
usual, the discussion will be restricted only to the case 
N = 85. In all examples, the initial particle positions 
will be those shown in Figure 1, and listed precisely in 
Table 1. These positions have been selected so that 
the force between any pair of particles is zero when 
the distance between the pair is unity. The entire con- 
figuration will then be set into counterclockwise rota- 
tion as follows. In terms of the angular velocity param- 
eter 0, let 
= + lYi, Ot~t Vi, O,x - , Vi, O ,y=+lx i ,  o01, (3.1) 
where the choice of signs in (3.1) is determined by the 
following rule : 
Fig. 1. 
(xi, 0' Yi, 0) ~ Quadrant I -* 
(xi, 0' Yi, 0) ~ Quadrant II --* 
(xi, 0' Yi, 0 ) ~ Quadrant III -* 
(xi, 0' Yi, 0) ~ Quadrant IV -~ 
vi, 0, x < 0, vi, 0, y ~0 
vi, 0, x < 0, vi, 0, y< 0 
vi, 0, x ;, 0, vi, 0, y < 0 
vi, 0, x ~ 0, vi, 0, y ~ 0. 
As will be seen later, the artificial symmetries inherent 
in the position and velocity choices made above will be 
offset by assigning mass values in a random fashion. 
There is one final parameter which will be of interest 
in the calculations. In very large bodies, one would not 
expect wo particles which are far apart to interact at 
all, that is, the force components (2.5) and (2.6) would 
be negligible in all but local interactions. This will be 
incorporated into the computations, with extensive 
economic savings, in the following way. For a preas- 
signed, positive parameter D, set Fi, k,x=Fi, k,y= 0 
whenever rij ' k > D. 
First, let 0 = 10, a = 6,/3 = 4, G = H = 5. All particles 
were allowed to interact with all other particles by 
setting D = 100. The masses m i = 10000 were assigned 
at random to seven particles, only, while all other par- 
ticles were assigned masses mi= 1000. The seven heavy 
particles were P10, P22, P23, P43, P48, P58, and P69" 
Figure 2 shows the motion of the system at tl000. In 
this exceptionally short period of time, the heavier 
particles, represented by the larger circles, have relocated 
centrally, which is shown in detail at every hundred time 
steps in Figure 3, while the lighter particles have moved 
outward. During the rearrangement, several of the 
lighter particles have attained escape velocities and have 
left the system. Such particles will be called exploding 
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Table 1 
Pi xi ,0 Yi ,0 
Pl 0 0 
P2 l 0 
P3 -l 0 
P4 2 0 
P5 -2 0 
P6 3 0 
P7 -3 0 
P8 4 0 
P9 -4 0 
Plo -0.5 -0.87 
Pll 0.5 -0.87 
Pl2 -0.5 0.87 
Pl 3 O. 5 0.87 
Pl4 -1.5 -0.87 
Pl5 1.5 -0.87 
Pl6 -1.5 0.87 
Pl7 l .5 0.87 
Pl8 -2.5 -0.87 
Pl9 2.5 -0.87 
P20 -2.5 0.87 
P21 2.5 O. 87 
P22 -3.5 -0.87 
P23 3.5 -0.87 
P24 -3.5 0.87 
P25 3.5 O. 87 
P26 -4.5 -0.87 
P27 4.5 -0.87 
P28 -4.5 0.87 
Pi xi ,0 Yi ,0 
P29 4.5 O. 87 
P30 0 -1.73 
P31 0 1.73 
P32 -l -1.73 
P33 l -1.73 
P34 -l 1.73 
P35 l I. 73 
P36 -2 -1.73 
P37 2 -1.73 
P38 -2 l .73 
P39 2 l .73 
P40 -3 -1.73 
P41 3 -l .73 
i P42 -3 1.73 
P43 3 I. 73 
P44 -4 -l .73 
P45 4 -l .73 
P46 -4 l .73 
P47 4 I. 73 
P48 -C.5 -2.6 
P49 0.5 -2.6 
P50 -0.5 2.6 
P51 O. 5 2.6 
P52 -1.5 -2.6 
P53 l .5 -2.6 
P54 -l .5 2.6 
P55 l .5 2.6 
P56 -2.5 -2.6 
P57 2.5 -2.6 
iPi 
P58 
P59 
P60 
P61 
P62 
P63 
P64 
P65 
P66 
IP67 
IP68 
P69 
P70 
P71 
P72 
P73 
P74 
P75 
P76 
P77 
P78 
P79 
P80 
P81 
P82 
P83 
P84 
P85 
xi ~,0 
-2.5 
2.5 
-3.5 
3.5 
-3.5 
3.5 
0 
0 
-I 
l 
-l 
l 
-2 
2 
-2 
2 
-3 
3 
-3 
3 
-0.5 
0.5 
-0.5 
0.5 
-l .5 
1.5 
-l .5 
1.5 
Yi ,0 
2.6 
2.6 
-2.6 
-2.6 
2.6 
2.6 
-3.46 
3.46 
-3.46 
-3.46 
3.46 
3.46 
-3.46 
-3.46 
3.46 
3.46 
-3.46 
-3.46 
3.46 
3.46 
-4.33 
-4.33 
4.33 
4.33 
-4.33 
-4.33 
4.33 
4.33 
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particles and, after having left the system, they have 
been plotted on the outer border of the graph in 
Figure 2 in order to indicate their distant presence 
and the direction of their escape. 
Changing only the pair c~,/3 in the above xample to 
= -- 5,/3 = 3 and a = 4,/3 = 2, and then repeating the 
calculations showed that a decrease in = and 8, simul- 
taneously, resulted in a slower central accumulation of 
the heavier particles and an increase in the number of 
exploding particles. 
In all three of the above cases, the collapse effect of 
the heavy particles could be slowed to an arbitrary 
rate, and even avoided, by decreasing D, and, to a lesser 
extent, by decreasing H and G. Consider, for example, 
the case 0 = 10, c~ = 6, 13 = 4, G = H = 5, and D =x/5. 
The particles P10' P22' P23' P43' P48' P58 and P69 
were assigned mass m i = 10000 and all other particles 
were assigned mass m i = 1000. Figure 4 shows the result- 
ing configuration after 12000 time steps. The heavy 
particles, represented by triangles, are shown to have 
organized into three separate, bonded units, in the 
second, third, and fourth quadrants, near the points 
(-17,5), (-4, -30) and (17, -7). Each such unit has a 
heavy core surrounded by a ring of lighter particles. 
Lighter particles are also scattered thinly throughout 
XY space and, again, exploding particles have been 
plotted on the boundary of the graph. Interestingly 
enough, some of the exploding particles are escaping 
as coupled subunits. The dynamical behavior in this 
example is suggestive of the evolution of gas and liquid 
subunits from a parent, hot fluid, and similar results 
• to • • , r  
• q, 
• -~,o -20 -lo 
i | 
40 
20 
10 
-10 
i0 2O 8 ~0 
.... i, ,~ l r  
-20  • ~* 
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were obtained for the parameter choice D = 3 in place 
of D = 5, and also for H = G = 1 in place of  H = G = 5 
with D = 5. 
In the next examples, we will try to limit the number 
of particles which explode and try to have the par- 
ticles stratify themselves according to mass. Let us 
ftx a = 6, ~ = 4 and G = H = 5. Preliminary investiga- 
tions, using the mass system considered thus far, and 
for the fifteen cases resulting from all combinations 
of 0 = 7.5, 5, 2.5 and D = x/-3, x/5,  3, 4, 5, yielded 
a modicum of exploding particles only in the case 
= 2.5, D = 5, so these parameter choices will also be 
f'Lxed. Next, consider resetting the particle masses. 
Throughout, we will keep mi= 10000 for P10, P22, P23' 
P43, P48, P58 and P69, and reset the masses of the other 
particles. First assign masses mi=8000 to thirteen of 
the remaining particles, at random, and let the rest 
have masses 1000. Within one thousand time steps, 
then, all but one of the particles with mass 1000 had 
exploded while the rest were relatively stably organ- 
ized. This happened also when the subset of thirteen 
particles were assigned masses of 6000 and then of 
4000, so that the minimum mass had to be chosen 
greater than 1000. Next, in addition to the seven 
particles of masses 10000, masses m i = 8000 were 
assigned at random to thirteen particles, masses 
m i = 6000 assigned at random to seventeen particles, 
masses m i = 4000 assigned :at random to thirty par- 
ticles, and the remaining particles were assigned 
masses m i = 2000. After ten thousand time steps, most 
of the particles with mass m i = 2000 had exploded 
while the self-stratification of the remaining particles 
was proceeding at a very slow rate. In order to accen- 
tuate the process, then, the mass distribution was 
finally reset as follows. In addition to the seven par- 
ticles of  mass 10000, the mass m i = 7000 was assigned 
at random to thirty particles and all remaining par- 
ticles were assigned the masses m i = 4000. This con- 
figuration is shown in Figure 5, where the particles 
of mass 10000 are represented by the largest circles, 
the particles of  mass 7000 are represented by darkened 
circles, and the particles of mass 4000 are represented 
by small circles. The interaction was studied over 
85000 time steps. Figure 6 shows the state of the sys- 
tem after 5000 time steps. The largest particles are 
beginning to relocate centrally. In anticipation of 
later computations, Figure 7 shows, by triangular en- 
closures, those particles at time t5000 which, even- 
tually, will escape. Figure 8 gives the velocity field at 
this time and reveals that molecular-type interactions 
have become prevalent with the inward movement of 
the largest particles. Nevertheless, the gross motion of 
the particles is still counterclockwise, as is shown in 
the velocity field of Figure 9, where the particles 
gross velocities, defined by 
7000-ri, 5000 
vi, 5000 = 0.2 ' 
have been graphed. Particles whose motion is not 
counterclockwise, as in the upper left hand section of  
Quadrant II of Figure 9, can be related to the explo- 
Fig. 5. 
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sion of nearby particles, as can be observed by com- 
parison with the same region in Figure 7. Figure 10 
shows, at time tl0000, the central relocation of  the 
largest particles and the formation of  a band of the 
smallest particles around the configuration. Two of the 
smallest particles have escaped. Figures 11 and 12 show 
the continued evelopment at the respective times 
t30000 and t70000. Throughout, he stratification i  
terms of density is clear. Of course, it need not be 
6, 2 
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Table 2 
m x y V 
X 
V 
Y 
I 0000 .00000 1.56030 
10000.00000 2.53~30 
10000.00000 1 .13120 
10000.00000 .93500 
10000.00000 I .q/ ,150 
10000.00000 2 .18460 
10000.00000 1 .10030 
7000.00000 .59720 
7000.00000 2 .32530 
7000.00000 2 .8389U 
7000.00000 3 .10220 
7000.0000b - .12470 
7000.00000 .83480 
7000.00000 2 .3&410 
7000.00000 q .29840 
7000.00000 3 .91840 
7000.00000 .15~80 
7000.00000 3 .93700 
7000.00000 3 .18760 
7000.00000 2 .98830 
7000.00000 eSO~OU 
7000.00000 2 .7 /`630 
7000.00000 2 .00980 
7000.00000 2 .37970 
7000.00000 1 .54570 
7000.00000 2 .02210 
7000.0000d .71220 
1000.00000 .35380 
7000.00000 -1 .59330 
7nNf l .Onf loQ 3 .B~170 
Y000.00000 -1 .52570 
7000.00000 - .22500 
7000.00000 ~.70530 
7000.00000 1 .42 / ,30  
7000.00000 3 .38040 
.... ~000.00000 - .q3930 
7000.00000 1.71870 
qO00.O0000 - .10890 
4000.00000 3 .39890 
qO00-O0000 q .28940 
q000.00000 q .30~30 
~0On.  O0000 2.90~70 
q000.00000 - .09500 
~000.00000 5.32580 
q000.00000 3.q9700 
q000.00000 .01110 
4000.00000 3 . / `2040 
~000.00000 2 .502/`0  
4000.00000 -1 .87570 
qO00.O0~O0 -2 . / ,8~80 
qO0.O.OOOO.O -1 .37490 
qO00oO000G -1°03270 
qO00.O0000 3.13570 
4000.00000 4 .98690 
qooo.doooo - i .7o5o0 
4000.00000 2 .58120 
qO00.  O0000 -1 .89830 
q000.00000 l . qq540 
4000.00000 ~.41710 
qO00.O0000 5 .270/ ,0  
4000.00000 3 .597/ ,0  
4000.00000 - .93420 
qO00,O0000 1~56580 
4000.00000 1 . / ,2690 
q000.00000 - . / ,7630 
q000.00000 2 .30530 
qO00.O0000 .86770 
q000.00000 - .87210 
4000.00000 .60670 
4000.00000 -2 .3q060 
2.79100 
1 .67580 
1 .27290 
2 .13320 
.42200 
3 .37400 
q .520~0 
3 .73040 
- .72770 
.8~570 
2 .2 /`650 
3 .20130 
3 .00380 
.24880 
1 .389~0 
3 .00010 
2 .433~0 
2 .11820 
.00510 
3 .13420 
.58650 
~.03840 
4 .47150 
..... 2 .54050 
- .3~850 
1 .08230 
- ,25190 
1 .5 /`540 
.~0150 
. / ,8650 
l .&q030 
.90510 
2 .55750 
3 .7~770 
I .~9100 
..... 1.90390 
1.88640 
-1 .29360 
-2 .03840 
'5 .19970 
.00/`90 
q .92660 
- .20310 
1 .73330 
3 .74720 
4 .3927O 
q .52810 
-1 ,8~1~0 
- .52700 
.2 / ,q90  
-1 .05370 
.99730 
5 .73240 
o8bb70 
3 .35870 
/ , .78580 
2 .42390 
5 .35220 
~.03720 
3 .34710 
-1 .25750 
- .12280 
6 .15380 
-1 .2 /`500 
3 .8 /`170 
5 . / ,2660 
-1 .03300 
2 . / , / ,7 / ,0  
5 .24550 
1 .48330 
-48  °54180 
- 39 .  ~)3610 
-29 .74250 
9 .55340 
87 .60250 
20 .70 / ,70  
-21 .75620 
23 .20220 
-8 .43120 
15 .11520 
-20 .  37360 
28 .85020 
48 .01350 
-8 .58200 
- 12 .  16270 
q .988~0 
-49 .29330 
I~ .11930 
68.  57520 
-43 .62630 
-11 .71100 
1 .03910 
33 .57680 
-42  .b6930 
-33 .98820 
1.5 .8~410 
6 .22250 
-5 .60 / ,50  
-7 , .2 / ,170  
-42 , ,75540 
-3 .79490 
- 1~.00210 
3U.30750 
8 .45250 
-3 .033&0 
70 .~92~0 
-9 .53290 
- 36 .  25870 
.31140 
- 25 . / ,2 / , / ,0  
2.q lq lO  
- 97 . / , / ,210  
38 .50530 
-14 .76920 
-47 .227&0 
5 .39290 
-34 .14450 
71 .~0450 
30 .07200 
- 25 .93 / ,90  
?6 .48730 
-6 .29880 
-&7.94810 
2 ./,,2/.,50 
-17.8554o 
-q  .10720 
92 .37920 
24 .02 / ,40  
5 .57530 
-1 /` .47850 
18 .67890 
56 .24810 
17 .77290 
-37 .932/ ,0  
15 .57210 
-17 .31100 
22 .78250 
47 .28810 
-3 .70840 
-13 ,37190 
-11 o9~,170 
q 7.  [ 9220 
2.  54900 
6oJbq, 70 
-24 , .21680 
9 .13660 
16 .7q090 
31 .14740 
-q .  27790 
9 .b7560 
-1 .799q0 
-1 .863 .50  
-59 .98630 
-32 .09970 
-51 .6 .5620 
22o26540 
-22o18740 
37. .O2920 
-29°86810 
-10 .04270 
71 o 388q0 
13 .q&&70 
7 .  74980 
22 .00120 
-q .  89870 
q .10280 
-26 ,239S0 
27 .93330 
21 • 22850 
-6 .  33050 
11o92660 
6 .25230 
-16 .55100 
10 .00900 
-10°4711~0 
- 76.  71200 
24 .02670 
-13 .39550 
-5 .47610 
-19 .45880 
qq .76230 
-18 .10270 
-3 .53890 
-2 .62810 
18o79350 
23 .53150 
2o13490 
83 .67520 
-7.73o5o 
70.  97110 
.~o13310 
-43 .18~B0 
16.79080 
28.65940 
-38 .79370 
42o&1370 
-25 .49190 
22 .  10890 
38o69040 
-58o '~6110 
21 .45O1O 
46 .8 / ,250  
22 .09020 
-qq .  37460 
-13 .16010 
-39 .60600 
-102 .73510 
-21 .21010 
25.21530 
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entirely spherical because of the highly fluid nature 
of the system. 
Finally, let us try to introduce asolidification process. 
For this purpose, we eliminate the fifteen escaped 
particles at t70000 and consider only the remaining 
seventy particles, whose masses, positions, and veloc- 
ities are given, for convenience, in Table 2. For sim- 
plicity, we will model oss of heat by radiation as 
follows. At each time tk, let the center of mass be 
(Xk' Yk)" Any particle Pi whose distance to (Xk, Yk) 
at t k is greater than two units will be called an outer 
particle. We will allow only outer particles to radiate 
heat, which will be implemented by resetting the 
velocity of each outer particle to 
~i,k=(SVi, k,x, SVi, k,y), 0~< 1, 
where ~ is a damping parameter. 
In order to analyze change of physical state after the 
onset of radiation, it will be convenient to have the 
concept of temperature. The molecular temperature 
TiCk of Pi at t k is defined by 
T* --1 mv~. 
1, k= 2 
The normalized molecular temperature Ti"' k of Pi at 
t k is defined by 
= T.* Ti: k ,, k / 1000. 
The temperature Ti, k of Pi at t k, which is a measured 
quantity, thus requiring apositive time period, is 
defined after t70000 by [1, p. 78] : 
k 
~ Ti',70000+r," k=l ,2  . . . . .  T i '70000+k= k r=l 
o .61 
0 
In order to determine from its temperature whether 
a particle is solid or fluid, the following simplistic rule 
of thumb was used. Throughout the calculations, it 
was observed that, in general, particles of masses 
10000, 7000, and 4000 would not bond with particles 
of the same mass when their speeds were greater than 
about 25, 21 and 16, respectively. Thus, particles of 
masses 10000, 7000 and 4000 are defined to be solid " .~ 
'particles when their temperatures are less than 3125, 
1544, and 512, respectively. Otherwise, they are 
defined to be fluid particles. 
For ~ = 0, Figure 13 shows the rapid formation of 
solid particles, shown within squares, by the time . 
t70400. Figure 14 shows this continued evelopment 
at time t71000, while Figure 15 shows the complete 
formation of a crust at the time t74000. Two fluid 
particles lie on the crust at t74000, one of the heaviest 
particles has solidified, and the interior fluid particles * 
have very high temperatures. Note also that the entire 
conftguration has contracted, as was to be expected. 
Completely analogous results were obtained with 
Fig. 11. 
Fig. 12. 
o • 
o 
o 
I I 
• • • 
0 
o 
• ® 
• • • 
• o :  
o 
¢3oooo 
e o  
O O o  
0 
•oo  
OoO• 
• • o 
• o e  
o 
o 
• .-. ". 
o 
o 
r 
~00oo 
S 
• • 
o • • 
Jl, 
@e ° • 
• 0 • 
| 0 • ~ • • e ° 
OOee Q • • • • 
• O • • • • 
• • • 
Journal of Computational nd Applied Mathematics, volume 3, no 3, 1977. 152 
N 
5 
• q 
o 
8 
%70400 
O • ru 
m tu 
gO • 
• E 
• 0 • 
O • • • • Q 
Q • • 
• @ • 
• ® 
[]  
ra 
ra ,g 
an • 
ra 
ra 
B 
t l  
ra 
o 
tT4ooo 
B 
01 
I]i ~i ~ I]i 5J 
D B [ ]  
• ® rara  ra 
ill Hi 
• ® • B 
• gll 
O e O an 81 i]1 
• O • 
• HI ,11 
• O 
E m E 
a 
Fig. 13. 
& 
Fig. 14. 
[] 
e 
[] 
%71000 
o 
W ra 
• • 
• o lii 
• HI 
• @ • 
• aJ 
• ® • • 
• • [ ]  
• ® • 
• e 
B 
[]  
-6 
X~ ' 
Fig. 15. 
= .95, but the reaction was much slower, with the 
first solid particle appearing at t77400. 
Further, more termed studies of solidification could 
not be undertaken at the present time due to a deple- 
tion of funds. 
4. CONCLUDING REMARKS 
"We have shown in this paper how a new type of model- 
ing, which relies heavily on high-speed computations, 
can yield results which are suggestive of  natural phe- 
nomena involving interactions of particles of differing 
masses. Of basic importance is.a natural, self-reorganiz- 
ing property of  any particle system so modeled. Exten- 
sions of  the computer examples of  Section 3 are now 
planned. For example, for the very last example, N will 
be increased, D decreased, a larger variation of masses 
will be given, ~ will be made to vary in the range 
-1 < ~ < 1, and the concepts of outer particle and 
temperature will be refined. In this way, it is hoped 
that one can develop a realistic model of the evolu- 
tion of a planet. 
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